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On rf-graceful labelings 

Anita Pasotti * 



Abstract 

In this paper we introduce a generalization of the well known 
concept of a graceful labeling. Given a graph Y with e — d-m edges, 
we call d-graceful labeling of Y an injective function from V(r) to 
the set {0, 1, 2, . . .,d(m + 1) - 1} such that {\f(x) - f(y)\ j [x,y] G 
E(F)} = {1, 2,3, . . . ,d(m + l)-l}-{m + l, 2(m + l), . . . , (d-l)(m + 
1)}. In the case of d = 1 and of d — e we find the classical notion 
of a graceful labeling and of an odd graceful labeling, respectively. 
Also, we call d-graceful a-labeling of a bipartite graph Y a d-graceful 
labeling of Y with the property that its maximum value on one of 
the two bipartite sets does not reach its minimum value on the other 
one. We show that these new concepts allow to obtain certain cyclic 
graph decompositions. We investigate the existence of d-graceful a- 
labelings for several classes of bipartite graphs, completely solving the 
problem for paths and stars and giving partial results about cycles 
of even length and ladders. 

Keywords: graceful labeling; a-labeling; difference family; cyclic graph 

decomposition. 
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1 Introduction 

We will denote by K v and K rnxn the complete graph on v vertices and the 
complete m-partite graph with parts of size n, respectively. For any graph 
r we write V(r) for the set of its vertices, E(Y) for the set of its edges, and 
D(T) for the set of its di-edges, namely the set of all ordered pairs (a;, y) 
with x and y adjacent vertices of T. If |A(r)| = e, we say that Y has size e. 

Let r be a subgraph of a graph K. A Y- decomposition of A" is a set 
of graphs, called blocks, isomorphic to Y whose edges partition E(K). In 
the case that K = K v one also speaks of a Y -system of order v. An 
automorphism of a T-decomposition I? of A is a bijection on V(K) leaving 
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T> invariant. A r-decomposition of K is said to be cyclic if it admits an 
automorphism consisting of a single cycle of length | V(-K') | . In this case 
for giving the set B of blocks it is enough to give a complete system of 
representatives for the orbits of B under the cyclic group. The blocks of 
such a system are usually called base blocks. 
For a survey on graph decompositions we refer to [3] ■ 

The concept of a graceful labeling of Y introduced by A. Rosa [14] is quite 
related to the existence problem for cyclic T-systems. A graceful labeling of 
a graph Y of size e is an injective map / from V(Y) to the set of integers 
{0, 1, 2, . . . , e} such that 

{\m-f(y)\ I [x,y]GE(Y)} = {l,2,...,e}. 

The graph Y is said to be graceful if there exists a graceful labeling of it. 

In the case that Y is bipartite and / has the additional property that its 

maximum value on one of the two bipartite sets does not reach its minimum 

value on the other one, one says that / is an a-labeling. 

Every graceful labeling of a graph Y of size e gives rise to a cyclic T-system 

of order 2e + 1 but an a-labeling of Y gives much more; it gives in fact 

a cyclic T-system of order let + 1 for every positive integer t (see [T4"] ) 

and other kinds of graph decompositions such as, for instance, a bicyclic 

r-decomposition of K 2xe (see [8]) and a cyclic r-decomposition of K mxe 

for every odd integer m coprime with e (see [S]). 

For a very rich survey on graceful labelings we refer to [3]. 

Many variations of graceful labelings are known. In particular Gnana 
Jothi [10] defines an odd graceful labeling of a graph Y of size e as an injective 
function / : V{Y) ->■ {0, 1, 2, . . . , 2e - 1} such that 

{\f(x) - f(y)\ | [x, y] G E(Y)} = {1, 3, 5, . . . , 2e - 1}. 

If such a function exists Y is said to be odd graceful. She proved that every 
graph with an a-labeling is also odd graceful, while the converse, in general, 
is not true. One of the applications of these labelings is that trees of size 
e, with a suitable odd graceful labeling, can be used to generate cyclic 
decompositions of the complete bipartite graph i^2xe- For results on odd 
graceful graphs see [3J [7J [TS] . 

In this paper we propose the following new definition which is, at the 
same time, a generalization of the concepts of a graceful labeling and of an 
odd graceful labeling. 

Definition 1.1 Let Y be a graph of size e and let d be a divisor of e, say 
e = d ■ m. A d-graceful labeling of Y is an injective function f : V(Y) — > 
{0, 1,2,..., d(m + 1) - 1} such that 

" f(y)\ I [x, y] G E(Y)} = {1,2,3,..., d(m + 1) - 1} 

- {m + 1, 2(m + 1), . . . , (d - l)(m + 1)}. 
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If r admits a d-graccful labeling we will say that T is a d-graceful graph. 
Note that we find again the concepts of a graceful labeling and of an odd 
graceful labeling in the two extremal cases of d = 1 and d = e, respectively. 
By saying that d is admissible we will mean that it is a divisor of e and hence 
that it makes sense to investigate the existence of a d-graceful labeling of T. 

It is well known that the complete graph K v is graceful if and only if 
v < 4, see [TT]. At the moment we are not able to extend this result to 
d-graceful labelings of the complete graph with d > 1. We recall that a 
(v, d, k, X)-relative difference set (RDS) in a group G is a fc-subset S of G 
such that the list of all differences x — y with (x, y) an ordered pair of dis- 
tinct elements of S covers G — H exactly A times, and no element of H at 
all with H a suitable subgroup of G of order d (see [13] for a survey on this 
topic). A RDS as above is said to be cyclic if G is such. It is immediate 
to recognize that every d-graceful labeling of K v can be seen as a cyclic 
(v(v — 1) + 2d, 2d, v, 1)-RDS though the converse is not true in general. For 
instance, the labeling of the vertices of K§ with the elements of the set 
S = {0,1,4,9,11} is 2-graceful and we see that S is a (20, 4, 5, 1)-RDS. 
Now note that S' = {0, 1, 3, 11, 20} is also a cyclic (20, 4, 5, 1)-RDS, but it 
is evident that the labeling of the vertices of K$ with the elements of S' is 
not 2-graceful. The very few known results about cyclic RDSs do not allow 
us to say much more about the d-gracefulness of the complete graph with 
d> 1. 

The a-labelings can be generalized in a similar way. 

Definition 1.2 A d-graceful a-labeling of a bipartite graph T is a d-graceful 
labeling of T having the property that its maximum value on one of the two 
bipartite sets does not reach its minimum value on the other one. 

In the next section we will see how these new concepts can be used to obtain 
some graph decompositions. Then we investigate the existence of d-graceful 
a-labelings for several classes of bipartite graphs. In particular, we prove 
that paths and stars admit a d-graceful a-labeling for any admissible d. 
We also present partial results about d-graceful labelings of even cycles and 
ladders. 

2 d-graceful labelings and graph decomposi- 
tions 

It is known that graceful labelings are related to difference families, see pQ. 
The concept of a relative difference set has been generalized in [4] to that 
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of a relative difference family. A further generalization has been introduced 
ini. 

Definition 2.1 Let T be a graph and let d be a divisor of v. A (v, d, T, In- 
difference family (DF for short) is a collection J- of injective maps from 
V(T) to Z„ such that the list 

AT = {f{x) - f(y) | / G T; (x, y) G D(T)} 

covers Z w — ^Z„ exactly once while it does not contain any element of^L v , 
where ^Z„ denotes the subgroup ofZ v of order d. 

If a (v, d, F, 1)-DF consists of a single map / one says that / is a difference 
graph. In [6] it is proved that 

Theorem 2.2 If there exists a (v,d,T,l)-DF then there exists a cyclic T- 
decomposition of Kii X d- 

The next easy proposition establishes the link between d-graceful labelings 
and DFs. 

Proposition 2.3 A d-graceful labeling of a graph T of size e determines a 
(2d({j + l),2d,r,l)-Z?J7. 

Proof. Let / : V(T) ->• {0, 1, . . . , d (f + l) - 1} be a d-graceful label- 
ing of r. It is obvious that 4> '■ x G V(T) f(x) G %2d(^+i) ^ s a 
(2d(f + l),2d,r,l)-DF. □ 

By the above considerations we can state 

Proposition 2.4 If there exists a d-graceful labeling of a graph T of size e 
then there exists a cyclic T -decomposition of K^ +1 ^ x9([ . 

Example 2.5 Figure [T] shows a 2-graceful labeling of Cg. Hence B = 
(0,2,3,6,1,7) is a base block of a cyclic Cq- decomposition of i^4x4- 

The following result shows that, as in the case of classical graceful labelings, 
d-graceful a-labelings are more powerful than d-graceful labelings. 

Theorem 2.6 If there exists a d-graceful a-labeling of a graph T of size e 
then there exists a cyclic T -decomposition of K^ +1 ^ x2 dn f or an V ^ n ^ e 9 er 
n>l. 

Proof. Let / be a d-graceful a-labeling of T, so that we have maxf(X) < 
mm/(y) where X and Y are the two parts of T. It is easy to see that the 
set of maps {/i, / 2 , • ■ • , f n } from V(T) to Z 2d /e +1 \ defined by 

fi(x) = f(x) Vx G X, Mi = 1, . . . ,n 



4 




Figure 1: A 2-graceful labeling of C§ 

fi(y) = f(y) + (i-l)(d + e) VyeY, Vi = l,...,n 

is a (2dn(% + 1), 2dn, T, l)-DF. Hence by Theorem 12.21 there exists a cyclic 
r-decomposition of K^ +1 ^ x2dn for any integer n > 1. □ 

Example 2.7 Fi<7«re[2] shows a 2- graceful a-labeling of Cq such that there 
exists a cyclic Cq- decomposition of i^4x4n o,ny integer n, n > 1. T/ie 
sei o/ 6ase blocks of such a decomposition is given by 

{(0, 5 + 8i, 2, 3 + 8i, 1, 7 + 8i) | i = 0, . . . , n - 1}. 




Figure 2: A 2-graceful a-labeling of Cq 



3 d-graceful a-labelings of paths and stars 

In this section we will show that paths and stars have a <i-graceful a-labeling 
for any admissible d. From now on, given two integers a and b, by [a, 6] we 
will denote the set of integers x such that a < x < b. 

As usual we will denote by P e +i the path on e + 1 vertices, having size e. 
We recall that any path admits an a-labeling, see [T4] . 

Theorem 3.1 Given a positive integer e, the path P e +\ has a d-graceful 
a-labeling for any admissible d. 
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Proof. Let e = d ■ m and let Pdm+i = {%i ~ x 2 
distinguish two cases depending on the parity of m. 



xdm+i)- We 



Case 1: m even. 

Denote by O = {x\, £3, . . . , Xd m +i} and £ = {x 2 , X4, . . . , Xrf m } the bipartite 
sets of Pdm+i- Let / : V(Pd m +i) — > [0, d(m + 1) — 1] be defined as follows: 



/(a;2i+i) = i for i e 

d(m + 1) — i 
d(m + 1) — i — 1 

/(**)=< d (™ + 1 )-^ 2 

d(m + l) - i-(d-l) 
One can check that 
dm 



0. 



dm 



for i G [1, f ] 
fori 6 + l,m] 
for igjm + 1,^] 



for i G 



(d-Vjm , ^ dm 



/(O) = 

/(f) = 
U 



0. 



dm (d + l)m 
~2~ + ' 2 



u 



(d + l)m + 2 (d + 2)m + i 



U 



(d + 2)m +3 (d + 3)m +2 



U . . . U 



m 



d(m + l)-— ,d(m + l)-l 



2 '2 
Hence / is injective and max/(C) < min/(£). Now set 

e* = |/(iP2*-i) — /(a?2i)|, Pi = \f{x2i) - /(ar 2 i+i)| for i = 1, . . . , 



By a direct calculation, one can see that 
jei.Pi I i = 1, . . . , — J = [(d - l)(m + 1) + 1, d(m + 1) 



dm 



(1) 



- 1 



i = — + l,...,m 



} = [(d - 2)(m + 1) + 1, (d - l)(m + 1) - 1]; 



, Pi I ^ 



(d-2)m 



+ 1,.. 



This concludes case 1. 



(d-l)m . 1 
2 + '•■ 



(d — l)m 



[m + 2,2(m + 1) - 1] 



dm 1 

■'"2" r = I 1 ' 7711 ■ 
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Case 2: m odd. 

We divide this case in two subcases depending on the parity of d. 
Case 2a): d odd. In this case the bipartite sets are O = {xi,x 3 , . . . ,Xd m } 
and £ = {x2, X4, . . . , x^m+i }. Let / : V(P dm+1 ) -+ [0,d(m + 1) - 1] be 
defined as follows: 



f(X2i+l) = < 



1 

i + 1 
i + 2 



for i G [0, ^1] 
for i e [^1, 3^1] 

for 2 G [32£ti, 62£=i" 



i + i_i for i G 



(d-2)m+l dm-1 
2 ' 2 



d(m + 1) — i 
d(m + 1) — i — 1 
d(m + 1) — i — 2 



for z G [1, m] 

for i 6 [m+1, 2m] 

for i G [2m + 1,3m] 



d(m+l)-i-2=l 
In this case it results that 

f(0) = 

u 

f(£) = 
u 



„ m — 1 
i ' 2 _ 


U 


m + 3 
2 ' 


"3m + 5 5m + 3 
2 ' 2 


U . . 


~d(m + 1) 


(d 


+ l)(m 


2 






2 



for i G 



U 



(rf-l)m 



2 ' -"-> 2 



(d-2)m + d d(m + l) 



- 1 



u 



u 



(ri + l)(m + l) (d + 3)(m + l) 

2 + ' 2 

(d + 3)(m+_l) (d + 5)(ro + l) 



2 ' 2 

. . . U [d(m + 1) - m, d(ra + !)-!]. 



U 



u . . . 



So, also in this case, / is injective and max/(0) < min f(£). Note that, 
now, since dm is odd we have to consider 



\f(x 2 i-i) - f(x2i)\, Pi = \f(x2i) - f(x2i+i)\ for i = l,..., 



dm, — 1 



S dm+i = \f(x dm ) ~ f(Xdm+l)\- 
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By a long and tedious calculation, one can see that 

m — 1 



Pi | ^ !)•••■ 



|u{ £l2 +i} =[(d-l)(m+l) + l, 
d(m+l)-l]; 



{^} 



m + 3 



...,mj- =[(d-2)(m + l) + l, 
(d-l)(m + l)-l] ; 



r i I (d - 2)m + 1 (d - l)m 

|P (d-2)m+l | U <{ £i, /9i | I = ~ hi,... 



(d - l)m 

I * = « 1" !)• • •) 



2 ' ' 2 

= [m + 2,2(m + 1) - 1]; 
dm — 1 



-| U |g dm+i | = [l,m]. 



This completes the proof of Case 2a) . 

Case 2b): d even. Let / : V(Pd m +i) — > [0,d(m + 1) — 1] be defined as 
follows: 



f{X2i+\) = < 



i 

i + l 
i + 2 

2+| 



for i £ [0, 2^1] 

for i g [22±1 3m - 1 



for i g f 321 ^ 1 5211=11 



' 2 

1 5 m 

2 ' 2 



for i £ 



(rf-l)m+l dm 
2 ' 2 



/(z2«) = < 



d(m + 1) — i 
d(m+ 1) — i — 1 
d(m+ 1) — £ — 2 



for i £ [l,m] 

for i £ [m + 1, 2m] 

for i G [2m + 1,3m] 



d(m + 1) — i — 



d-2 



for i G 



(d-2)m . -, dm 
2 X > 2 



Also here, reasoning as in Case 2a), it is easy to see that / is a d-graceful 
a- labeling of P dm +i- □ 



Proposition 3.2 There exists a cyclic P e +\- decomposition of K^ +1 j x2dn 
for any integers e, n > 1 and any divisor d of e. 
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Proof. It is a direct consequence of theorems 12.61 and 13.11 



□ 



In Figure [3] we have the d-graceful a-labelings of Pig for d = 2,3,6,9,18, 
obtained following the construction given in the proof of Theorem l3.ll Note 
that these are all the possible ci-graceful a-labelings of Pig , apart from the 
already known case of a classical a- labeling (d = 1), [II] . 
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Figure 3: Pig 



We recall that the star on e + 1 vertices 5 e +i is the complete bipartite 
graph with one part having a single vertex, called the center of the star, 
and the other part having e vertices, called external vertices. It is obvious 
that any star has an a-labeling. 

Theorem 3.3 Given a positive integer e, the star S e +i has a d-graceful 
a-labeling for any admissible d. 

Proof. Let e = d ■ m. It is obvious that if we label the center of the 
star with and the external vertices, arbitrarily, with the elements of 
{1, 2,3,..., d(m + 1) - 1} - {to + 1, 2(m + 1), . . . , (d - l)(m + 1)}, we have 
a d-graceful a-labeling of S e +i- □ 

Applying Theorem 12.61 we have: 

Proposition 3.4 There exists a cyclic S e +\- decomposition of K^ +1 j x2dn 
for any integers e,n>l and any divisor d of e. 
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4 d-graceful a-labelings of cycles and ladders 

As usual, we will denote by CV- the cycle on k vertices. It is obvious that 

Cfc is a graph of size k and that it is bipartite if and only if k is even. 

In [T3] Rosa proved that Ck has an a-labeling if and only if k =0(mod 4). 

Theorem 4.1 The cycle C^k has a 2-graceful a-labeling for every k > 1. 

Proof. Let C^k = %2, ■ ■ ■ , ^4fe) and denote by O = {x\, Xs, . . . , x^k-i} 

and £ — {x2, x±, . . . , x^k} its bipartite sets of vertices. 

Consider the map: / : V{C±k) — > {0, 1, . . . , 4fc + 1} defined as follows: 

f(x 2l +i) = i for i G [0, 2k - 1] 

( 4k + 2-i forie[l,A;] 
l{x 2i )- <y 4fc _ . for . e [ fc+1;2 fc]. 

We have 

f(0) = [0, 2k - 1] f{£) = [2k, 3k - 1] U [3fc + 2, 4fc + 1] . 

In this way we see that / is injective. Also, note that max/(0) < min/(£ ). 
Now set Ei, pi (for i = 1, . . . , 2k) as in (fT]), where the indices are understood 
modulo 4k. One can easily check that 

{ei,pi | i = l,...,fc} = [2fc + 2,4fc + l] 

and 

| i = fc+l,...,2fc} = [1,2*;]. 
Hence / is a 2-graceful a-labeling of C^k- C 

Theorem 4.2 T/ie cycle C±k admits a A-graceful a-labeling for every k > 
1. 

Proof. Let O and £ be defined as in the proof of the previous theorem. Wc 
are able to prove the existence of a 4-graceful a-labeling of C^k by means 
of two direct constructions where we distinguish the two cases: k even and 
k odd. 

Case 1: k even. 

Consider the map: / : V(Cik ) — > {0, 1, . . . , 4fc + 3} defined as follows: 



f{x 2i+ i) = 



i for i G [0, f - l] 

i + 1 for i G [fs2fc- 1] 
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4k + 4-i for ie [l,|] 

f(x 2 i) = \ 4k + 3 -i forie[f + l,fc] 

4fe + 1 — « for i e [fc + 1, 2fc] . 



It is easy to see that 
f(0) = 
f{£) = [2k + l,3fc] U 



U 



3fc , „, 
T + l,2* 



7fc 

3fc + 3, — + 2 



7A; 



4,4/c + 3 



Hence / is injective and max/(0) < min/(£). Set £j and pi (for i 

1 2k) as in ([1]), where the indices are understood modulo 4k. It is not 

hard to see that 



e t ,pi | i = 1, 
k 



[3k + 4,4k + 3]; 

■/', ' - - I = [2fc + 3,3fc + 2]; 

l) = [fe + 3,2fe]; 



3k 



e t ,pi | i = k + 1, 
3A: 

Ei, p» | t = — , . . . , 2k } = [1, k] U {k + 2} U {2k + 1}. 



The thesis follows. 
Case 2: A; odd. 

Let now / : V(C4k) — > {0, 1, . . . , 4k + 3} be defined as follows: 



f(x2t+l) = 



for i G [0, 
1 for i e [^±I,2fc- 1] 



4k + 4-i for i G [1, fc] 

/(x 2l )=<{ 4fc + 2-i for » G [fe + 1, ^i] 

4fc+l-i fori G [^i,2fc] . 



One can check that 

k - 1 



f(0) = 

f(£) = 



o. 



/c + 3 



2fc + 1, 



5fc + 1 



,2k 



5fc + 5 



3fc + l 



U[3fc + 4,4fc + 3]. 
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Also in this case / is injcctive and max/(0) < min/(£). By a direct 
calculation, one can see that 



Si,pi | % = 1, 



k-1 



= [3fc + 5,4fc + 3] 



£i,Pi | « 



k + 1 



Si, pi | i = k + 1, . . 
, . 3k + 1 

EijPi I 1 = ^ , 

The assertion then follows. 



, fc| = [2k + 3, 3fc + 2] U {3k + 4}; 
3k- 1' 



2 

,2fc 



= [fc + 2,2fc]; 
[l,fc]U{2fc + l}. 



□ 



The two figures in Figure[4]show the 2-graceful a-labeling and the 4-graceful 
a-labeling of C\q provided by the previous theorems. 
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By virtue of Theorems I2.61 14.ll and I4.2[ we have 

Proposition 4.3 There exists a cyclic C^-decomposition of if(2fe+i)x4n; 
and a cyclic C decomposition of K( k+1 ^ xSn for any integers k,n>l. 

Theorem 4.4 For any odd integer k > 1, the cycle Cik is 2-graceful. 

Proof. For k = 3, 5, 7 we show directly a 2-graceful labeling: 

C 6 = (0,5,2,3,l,7), 
Cw = (0,11,1,3,7,4,5,10,2,9), 
di = (0, 15, 1, 14, 11, 4, 10, 5, 7, 6, 2, 13, 3, 12). 

Let now k be greater than 7 and set C2k — (xi, £2, ^3, • • • , X2k)- Let 
O = {x%, X3, . . . , X2k-t} and £ = {X2, £4, • ■ • , X2k}- We will construct 
a 2-graceful labeling of Cik where we distinguish two cases according to 
whether k = l(mod 4) or k = 3(mod 4). 
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Case 1: k = l(mod 4). 

In this case k = 2t + 1 with t > 4 even. Consider the map / : V{C2k) 
{0, 1, . . . , 2k + 1} defined as follows: 



fi + 3-i 
/(■''2,-ki.! = < U + 2-i 
t + 2 + i 
i-t 

( At + A-i 



\t + i 
t + l + i 
M + 2-i 
{ 5t + 4-i 



for i e [0, §] 

for is [§ + l,t] 

for i e [t+l,t+ L|J] 

forie [t + LiJ+i.l*] 

for i S [§i+ l,2i] 

for i € [l, |] 

for i e [| + l,i + l] 

for 8 e[t + 2,t+ L^J] 

for*G [t+L^J + l,|t] 
for i G [|f + 1, 2t + l] . 



If t = 4 skip the third assignment of f(x2i)- 
One can directly check that 



f(0) 



o,. 



t 



u 



-t + 3,3^ + 2 



U 



2t + 2 



,2t + l 



2t + 3 



| £ + 2 



U 



2 +M 



/(f) 



7 



-i + 4,4i + 3 



u 



t + l,-t + l 



u 



2t + 3, 2i + 1 



t + 2 



-t + 2,2t+l- 



t + 2 



3t + 3,-t + 3 



So / is an injective function. Now set e, and pt (for i = 1, . . . , k) as in ([I]) 
where the indices are understood modulo 2/c. 
By a direct calculation one can see that 



1 1 



£i,Pi | i = 1, 



f3t + 4, 4t + 31 



{p± +i} U <j | i = + 2 / \y J {.-, + , } = V + 2. 2/ - I 
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Wc write the remaining differences and distinguish two subcases depending 
on the parity of §. If | is even, it results: 



e ll p l | i = t + 2,...,-t 







}= 


N- 1 ] 



£s 



{p§t+i} U jei, ft | i = |t + 2, . . . , |i j U {es t+1 } 
{P|t+i} u j £ *> ft | i = |* + 2, . . . , 2t j U {e 2t +i} = [2* + 3, 3t + 2] 



P2t+i = 3t + 3. 



If | is odd, we have: 



+ 2,-..,-if U{ £|t+1 } = 



2, - - 1 

' 2 



+ 2,t+l 



e,, ft | * = t + 2,..., ^ |u{e L 5 t j +1 } 
P[it\+i = 1 

{p§t+i} u < : '<•/'<' ' 
P2t+i = 3t + 3. 

This concludes the proof of case 1. 
Case 2: k = 3(mod 4). 

In this case k — 2t + 1 with t > 5 odd. We define / : V(C 2 k) 
{0, 1, . . . , 2k + 1} in the following way 



t + 2, . . . , 2t\ U {e 2 t+i} = [2i + 3, 3t + 2] 



/(z2i+i) = < 



i for i G [0, 

7 -^-i far«6[^,i] 



3i + 2 - i 
i + 2 + i 

i - f 



t+i 



( At + A-i 

t + l + i 
3i + 2 - i 
k 5t + 4-i 



forie [t+l,t+L 
forie [ t +L*±lj+ 1,^1] 
for i G [^±i,2t] 

foriG[l,*±l] 
for i G [i±2,t+l] 
forte [t + 2,t+L^J] 

forze [t +L *M J+ l 7 3|±l] 

for i £ [2*±3,2t + 1] . 
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Also in this case one can directly check that 



f(0) 



t- 1 



5i + 5 



it + 2 







t + 1 




u 


2i + 2- 




,2t + l 






4 



2t + 2 



t + 1 



to + 3 



u 



i + l 



/(£) 



7t + 7 



4i + 3 



u 



i + l 



3t + l 



U 



u 



3t + 3 



2t + 2 



t + 3 










U 


4 





2< + 3, 2t + 1 
3t + 3,I^ 



f + 3 



By long calculations one can verify that, also in case 2, / is a 2-labeling of 
C 2k . " □ 

In Figure [5] we have the 2-graceful labeling of C26 and that of C30 ob- 
tained through the construction given in the proof of Theorem 14.41 



27 1 26 2 25 3 7 20 8 19 9 



-• • • • •- 



-• • • •- 

27 26 25 24 23 22 4 13 12 11 10 9 
15^ 16 . 17 . 18 . 19 . 20 . 7 < 6 > 5 , 1 , 2 , 3 



18 



21 6 22 5 23 4 24 17 11 16 15 13 10 
31 1 30 2 29 3 28 23 8 22 9 21 10 20 



-• • • — • — • • • • • • • •- 



31 30 29 28 27 26 25 5 15 14 13 12 11 10 
17 18 ^19 „20 .21 ,22 23 _ 8 _7 .6^1 2 _ 4 



-• — • — m m • - • 



m • 



24 7 25 6 26 5 27 4 12 19 13 14 17 15 11 

Figure 5: C 2 6 and C 30 



To conclude we consider d-graceful a-labelings for ladders. We recall that 
the ladder graph of order 2k, denoted by L2k, can be seen as the carte- 
sian product of the path P2 = (0 ~ 1) of length 1 by the path Pf. = 
(0 ~ 1 ~ . . . ~ fc — 1) of length k — 1. The ladder graph is clearly 
bipartite with bipartite sets An, A\ where Ah is the set of pairs 6 
{0, 1} x {0, 1, . . . , k — 1} such that i + j has the same parity as h. 

Theorem 4.5 The ladder graph L2k has a 2-graceful a-labeling if and only 
if k is even. 
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Proof. Since L 2 k has e = 3fc — 2 edges, 2 divides e if and only if k is even. 
Suppose now k to be even. One can check that a 2-graceful a-labeling of 
L 2 k is given by 



We observe that the 2-graceful a-labeling constructed in the previous theo- 
rem is very similar to the a-labeling of L 2 k proposed by the author in [12] . 

Figure [6] shows the 2-graceful a-labeling of L\§ provided by Theorem 14.51 



21 2 17 4 12 6 8 



4 




— i 

21 
20 


»■ 


< 

19 

17 


► 


— ^ 

15 
14 


» — < 

13 
10 


*■ 


— < 

8 

7 


► 


4 


h 


1 


< 


»- 




»- 


22-, 


»- 






»- 




>- 









23 1 19 3 14 5 10 7 



As an immediate consequence of Theorem I2.6I we have 

Proposition 4.6 Let k be an even integer. There exists a cyclic L 2 k- 
decomposition of K3k xin for any integer n > 1. 

Acknowledgement. The author is grateful to Marco Buratti who sug- 
gested the item of this paper and to the anonymous referee for his helpful 
and constructive comments. 
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